Three-wave interactions occurring in conditions of type I phase matching in a uniaxial crystal are considered in the general case of noncollinear wave propagation. It is demonstrated that, if one among the interacting fields at i (iϭ1,2,3) is virtually unaffected in amplitude by the interaction, the remaining two fields at j ( j i) are holographic replicas of each other, the constant field acting as the reference field in holography. Experiments are presented in which a holographic image of an object consisting in a pointlike light source is obtained by either up-or down-conversion for any choice of the object-and reference-field frequencies among 1 , 2 , and 3 .
INTRODUCTION
Nowadays, the fast response achieved by real-time holographic techniques and the high space resolution inherent to holography are extensively used in different scientific and technical fields such as information processing and optical computing ͓1-4͔. Some of these techniques adopt thirdorder nonlinear media endowed with particularly fast response as the recording materials. Recently, we demonstrated the generation of real-time holograms through a secondorder nonlinear interaction, namely, noncollinear secondharmonic generation ͓5-8͔. In our case the recording and reconstruction stages occur simultaneously and the time response can be as short as tens of femtoseconds ͓9,10͔. As far as we know, before our work (2) effects were never used to obtain holographic wave-front transformations and only seldom for wave-front transformations performed for other purposes; namely, to enhance the detectability of a weak coherent image-bearing signal embedded in random noise ͓11-13͔, to improve the beam quality of laser sources ͓14 -20͔, and to generate spatial solitons ͓21͔. In this paper we show that within the parametric approximation any three-wave interaction occurring in type I phase matching ͑PM I͒ among waves that propagate noncollinearly to each other instantaneously produces a holographic image of the incident object field. The object field at the entrance of the nonlinear crystal is thought of in terms of its plane-wave expansion, which allows a rather straightforward description of the nonlinear interaction. We substantiate our theory with experiments in which the object field emitted by a pointlike source is any of the three interacting fields ͑that is, at any of the frequencies 1 , 2 , 3 , with 3 ϭ 2 ϩ 1 ) and the holographic field is generated at either the sum or the difference frequency.
I. THEORY
We consider the interaction among three amplitudemodulated plane waves, E 1 (r,t) and E 2 (r,t) with ordinary polarization and E 3 (r,t) with extraordinary polarization, in a (2) nonlinear uniaxial crystal. As depicted in Fig. 1 the waves propagate in the (y,z) plane at different angles 1 , 2 and 3 to the direction z, which is perpendicular to the crystal entrance face. Note that the extraordinarily polarized field E 3 is not transverse. With reference to the figure, we can write the fields interacting at position rϵ(x,y,z) in any plane at fixed x as follows: 
͑1͒
in which 0 is the vacuum impedance, and a j (r) ϭ͉a j (r)͉exp͓i⌳ j (r)͔ are the complex envelopes of the interacting fields with wave vectors k j ϭn j j /c and frequencies 1 , 2 , and 3 (n j are the corresponding indices of refraction͒. For frequencies satisfying energy conservation ( 3 ϭ 2 ϩ 1 ), the classical Maxwell equations describing the noncollinear interaction in the geometry depicted in Fig. 1 are the phase mismatch components along the z and y directions.
In analogy with holography, we take only two nonvanishing fields entering the crystal at zϭ0, one of which, according to the parametric approximation, is assumed to propagate with constant envelope during the interaction ͑reference field͒ and the other is emitted/diffused by the object. Moreover, the solutions of interest, which we use to interpret our experimental results, are those for negligible phase mismatch. The structure of the coupled equations in system ͑2͒ is such that three different choices of boundary conditions at zϭ0 are relevant. Note that the fields at the crystal entrance are always assumed to be transverse and, in the case of a nonvanishing E 3 field entering the crystal ͑see Fig. 1͒ ; this assumption implies
By using Eqs. ͑A8͒ and ͑3͒, Eq. ͑5͒ yields
which will be useful later ͓see Eq. ͑17͔͒. The three sets of interesting boundary conditions are as follows. ͑1͒ Sum-frequency generation
where field 1 is taken as the object field, field 2 as the reference field ͑with constant envelope͒, and field 3 a generated field. ͑2͒ Difference-frequency generation ͑DFG, object field at high frequency 3 ) a 1 ͑ 0 ͒ϭ0, a 2 ͑ z ͒ϭa 2 ͑ 0 ͒, and a 3 ͑ 0 ͒ 0 ͑8͒
with field 3 as the object field, field 2 as the reference field, and field 1 as the generated field. ͑3͒ Difference-frequency generation ͑DFG, object field at low frequency 1 )
with field 1 as the object field, field 3 as the reference field, and field 2 as the generated field. The three cases will be discussed separately, for ⌬k ʈ ϭ⌬k Ќ ϭ0, since the generated fields produce different kinds of holographic images. ͑1͒ The general solution to system ͑2͒ for the amplitude of the holographic field generated at the sum frequency is
According to the definitions in Eq. ͑1͒, the holographic field can be written as
ϫexp͓Ϫi͑k 3 cos 3 zϩk 3 sin 3 yϪ 3 t ͔͒ϩc.c.
͑12͒
and by defining the unit vector ŵ in the direction of (ŷg ϩ ϩẑ g Ϫ ), as
͑14͒
From the expression in Eq. ͑14͒, we see that the amplitude of the holographic field a 3 (y,z) at any position inside the crystal is directly proportional to the amplitude of the object field a 1 (0) at the entrance of the crystal through a complex function of the position along the z axis ͑see Fig. 1͒ . That is, the field E 3 (z,t) generated at the sum frequency indeed reconstructs a holographic image ͓5,6,22,23͔. Moreover, since the proportionality in Eq. ͑14͒ is direct, the holographic image of a real object is virtual, and vice versa ͓23͔. The virtual nature of the holographic image of a real object implies the disadvantage that at least a lens is necessary to make the holographic image detectable and usable, for instance, inside a full-optical logic circuit ͓5-8,24͔.
͑2͒ In this case of DFG, the solution to system ͑2͒ for the holographic field amplitude is
and hence
As in the previous case, the holographic field amplitude in Eq. ͑15͒ is directly proportional to the amplitude of the object field at the entrance of the crystal. Thus, this kind of DFG also produces a virtual holographic image of a real object, and vice versa. By applying case 1 and case 2 in cascade one could then realize an all-optical circuit. In fact, if we start with an input ͑object field͒ at a given frequency ͑say 1 ) and perform a sum-frequency generation with a reference field at 2 , we get a virtual holographic image at 3 as the output. If we now down-convert the virtual image at 3 by using the same reference field at 2 , we get a real holographic image of the initial object, again at 1 , which eventually can be reused as the input of another all-optical circuit. Since the object entering this down-conversion step is actually a virtual image at 3 carried by a nontransverse field ͓field E 3 in Eq. ͑13͔͒, the output of this step would still be represented by Eq. ͑16͒ but without the substitution defined in Eq. ͑6͒.
͑3͒ In the other case of DFG, the expression for the holographic field amplitude is
from which
At variance with the previous situations, Eq. ͑17͒ shows that the holographic field amplitude a 2 (y,z) is proportional to the phase-conjugated complex amplitude a 1 *(0) of the object field. Thus, this DFG produces a holographic field that reconstructs an image of the same nature as that of the object ͑real from real and virtual from virtual͒ ͓23͔. This has the obvious advantage of making it straightforward to detect the holographic image of a real object. Moreover, in the degenerate case 2 ϭ 1 ϭ 3 /2, the real holographic image can be reused in an all-optical circuit. Finally, we note that the analytical solution in Eq. ͑18͒ constitutes a substantial generalization of the results obtained by numerical integration of the coupled nonlinear equations in ͓19͔ for degenerate parametric amplification in collinear propagation geometry. We analyze the space-dependent phases of the fields obtained above to determine how the wave front of the object field transforms into the wave front of the corresponding holographic field in each of the cases examined. By defining the space-dependent phases j (r) of the fields E j (r,t) so that E j (r,t)ϭE j (r,0)exp͕i͓ j (r)ϩ j t͔͖, in phase matching (k 3 ϭk 1 ϩk 2 ) for the holographic field in Eq. ͑13͒ generated at the sum frequency with the help of Eq. ͑14͒ we find for case 1,
and for the two fields obtained by DFG in Eq. ͑16͒ and in Eq. ͑18͒ case 2,
Apart from the constant phase shift /2, Eqs. ͑19͒-͑21͒ can be rewritten as
From now on we will discuss the degenerate case 1 ϭ 2 (ϭ) which, due to type I phase matching, implies k 1 ϭk 2 . It is convenient to define the eikonals L j (r) so that j (r)ϭϪk j L j (r). For our plane waves we have L j (r) ϭk j •r being k j unit vectors parallel to the wave vectors and we can rewrite Eqs. ͑22-24͒ as follows: case 1,
case 2,
case 3,
Equations ͑22͒-͑24͒ can be used in the case of non-planewave fronts by taking the unit vectors k j at each point r on the wave front parallel to the propagation direction at that point and j ϭ j (r). We assume as known the constantphase surfaces ͑wave fronts͒ of the two fields in the righthand sides of each of these equations and use them to determine the shape of the wave front of the third field͑s͒. We consider object fields with spherical wave fronts and reference fields represented by plane waves and discuss the implications of Eqs. ͑22͒-͑24͒ as to the shapes of the generated wave fronts in cases 1, 2, and 3 separately. Note that, for a spherical object wave front of radius R, the eikonal with respect to an origin taken at the wave-front center is LϭR and that, for a plane reference wave front, L is simply its distance from the origin. With reference to panel ͑1͒ of Fig.  2 , in case 1 the object and reference wave fronts, W 1 and W 2 , respectively, with L 1 ϭR and L 2 ϭOH crossing at P generate a second-harmonic field with wave vector k 3 along the bisector of the angle PÔ Hϭ 2 Ϫ 1 ( P) and eikonal L 3 ( P) given by Eq. ͑22͒. Since L 3 ( P)cos͕͓ 2 Ϫ 1 (P)͔/2͖ represents the distance of the midpoint M of segment HC from the origin O, Eq. ͑22͒ allows one to find the wave front W 3 of the second-harmonic generated ͑SHG͒ holographic field via a simple geometrical construction at other directions also.
This is shown on the left-hand side of panel ͑1͒ in Fig. 2 . To find the position Q of W 3 along the direction of k 1 , the bisector of the angle between k 1 and k 2 must be drawn and intercepted by the perpendicular to k 2 from M. From this intercept the perpendicular to the bisector is drawn and Q is located where it crosses the straight line with direction k 1 . If the actual object wave front transformed into W 3 is only a small region of the spherical wave front W 1 , W 3 is virtually spherical with radius 2R since all k 3 unit vectors, not only the one at point P, cross each other at point O, where OOЈ ϭOCϭR. Therefore the hologram of a point source generated at 2 according to case 1 produces a pointlike image at a distance which is twice that of the object from the crystal BaBO 3 ͑BBO͒. The SHG hologram of an extended object would be not only located at double distance but also enlarged by a factor of 2 along the average propagation direction of the wave front W 3 , while the transverse dimensions of object and holographic replica would obviously be the same ͓6͔.
The situation in case 2 is depicted in Fig. 2 , panel ͑2͒. Here L 3 ϭR and L 2 ϭOH and the object and reference wave fronts crossing at point P are W 3 and W 2 , respectively. Equation ͑23͒ which allows one to find the wave front W 1 of the field generated by DFG is identical to Eq. ͑22͒ once it is taken into account that 3 ϭ( 2 ϩ 1 )/2. Thus point N on W 3 is the midpoint of segment HD and, within the same approximation as above, the wave front W 1 is spherical and centered at point OЈ, where OOЈϭR/2. This DFG holographic image is then nearer to the crystal BBO and longitudinally compressed by a factor of 2 compared to the object.
In case 3, L 1 ϭR and L 3 ϭOH as shown in Fig. 2 , panel ͑3͒. Since Eq. ͑24͒ can be written as
for any point Q of the object wave-front W 1 the distance HQЈ represents the magnitude of the right-hand side in Eq. ͑25͒ and the corresponding point S of the DFG holographic wave front W 2 is located at the position shown in panel ͑3͒. In fact, the triangle SSЈOЈ is the mirror image of triangle QQЈO with respect to the plane wave front W 3 and the distance HSЈ represents the first member of Eq. ͑25͒. In this case the spherical wave front W 1 emitted at O transforms into a perfectly spherical wave front W 2 with identical radius R converging to OЈ. The holographic image of any object is thus a one-to-one replica of the object. Moreover, the spatial resolution of the holographic image is rigorously identical to that of the object, of course if the image and object are observed through pupils of equal apertures. This is only approximately true in the two previous cases in which the reconstructed wave fronts ͑SHG W 3 in case 1 and DFG W 1 in case 2 are spherical only under restricting hypotheses͒. Note that in all cases the transverse dimensions of the holographic images are identical to those of the objects but only in the last case are the real/virtual nature, the longitudinal size and position ͑hence the whole shape͒, and the frequency all conserved on passing from the object to its holographic replica generated by the three-wave interaction.
II. EXPERIMENTS
We already checked the results in case 1 by performing experiments on real objects in the degenerate condition of second-harmonic generation, i.e., SHG holograms for which 1 ϭ 2 (ϭ) ͓5-8,24,25͔. In this paper we present experiments in which holograms of pointlike sources of light are obtained by difference-frequency generation according to both cases 2 and 3 above. We still work at degeneracy and use either the fundamental or the frequency-doubled output of our pulsed laser as the reference field in the two cases. The frequency-doubled output of a Q-switched amplified neodymium-doped yttrium aluminum garnet ͑Nd:YAG͒ laser ͑model Quanta-Ray GCR-4, Spectra-Physics Inc., Mountain View, CA͒ was separated from the nonconverted output by a prism and both beams were suitably space filtered and shaped into collimated beams of about 2 mm diameter. Although a single beam at was necessary for either of the two cases of DFG, the infrared beam was split into two beams of similar intensity for aligning purposes. The polarizations were as in Fig. 1 , the (y,z) plane being horizontal. The holograms obtained via DFG were produced in a nonlinear ␤-BaB 2 O 4 ͑BBO͒ crystal, cut at 22.8°for 2 generation at normal incidence in collinear PM I, with 5ϫ5 mm cross section and 2 mm thickness ͑Fujian Castech Crystals Inc., Fuzhou, China͒. Before each experiment the two beams at were aligned so as to cross at the crystal position by forming an angle of ϳ11°to each other and the BBO was angle-tuned to generate the noncollinear second harmonic beam. The output at 2 from the laser was then superimposed on it until a down-converted beam was observed upon blanking one of the two beams at ͑slave beam at ). In each experiment, the beam playing the role of the reference beam was enlarged by a telescope formed by two lenses of focal lengths Ϫ30 mm and ϩ100 mm so as to widely illuminate the BBO crystal, whose cross section ͑slant for achieving noncollinear PM I, see Fig. 1͒ determined the effective pupil of our optical systems.
The setup for the experiment in case 2 is sketched in Fig.  3 . The telescope was set on the beam at while the object O at 2 was the focal spot of lens l 1 ( f 1 ϭ100 mm). The charge-coupled device ͑CCD͒ camera to be used as the de- (iϭ1,2,3 ) ͑dotted lines͒, generated by three-wave interactions in response to plane and spherical input wave fronts ͑full lines͒; k i are unit vectors parallel to the corresponding wave vectors. Panel ͑1͒: wave-front transformation in case 1 ͑see text͒. The input wave fronts W 1 and W 2 ͑object and reference, both at ) cross at P and generate, at P, a SHG wave-front W 3 ͑hologram at 2) directed along the bisector of the angle PÔ Hϭ 2 Ϫ 1 ( P) and having eikonal L 3 ( P) given by Eq. ͑22͒. The geometrical construction shows how to find the other points of the holographic wave front W 3 . If the wave front transformed into W 3 is only a small region of the spherical wave front W 1 , W 3 is virtually spherical with radius 2R. Panel ͑2͒: wave-front transformation in case 2 ͑see text͒. The input wave fronts W 3 ͑object at 2) and W 2 ͑reference at ) cross at P and generate, at P, a DFG wave front W 1 ͑hologram at ) propagating at the angle 1 ϭ2 3 Ϫ 2 . Within the same approximation as above, the wave front W 1 is spherical with radius R/2. Panel ͑3͒: wave-front transformation in case 3 ͑see text͒. The input wave front W 1 ͑object at ) and W 3 ͑reference at 2) generate a DFG wave front W 2 ͑hologram at ) propagating symmetrically to W 1 with respect to W 3 . In this case the spherical wave front W 1 transforms into a perfectly spherical wave front W 2 with identical radius R. ͑See text for details.͒ tector ͑model PE2015, Pulnix Europe, Basingstoke, U.K.͒ was previously centered on the slave beam at . Since according to Eq. ͑15͒ the field generated by the BBO at reconstructs a virtual image OЈ, a lens (l 2 in Fig. 3 , f 2 ϭ150 mm) was inserted to obtain a real image on the CCD sensor. Figure 4 shows the setup for the experiment in case 3 in which the reference beam, enlarged by the telescope, was the one at 2 while the object O was the focal spot of lens l 1 ( f 1 ϭ100 mm) set on the beam at . In this case, as expected from the result in Eq. ͑17͒, the image OЈ is real and hence directly detectable by the CCD.
FIG. 2. Wave fronts W i
In the experiment in case 2 the pointlike object O was formed by l 1 at a distance d O ϭ29.5 cm from the crystal BBO, and the distance between l 2 and BBO crystal was l ϭ16 cm ͑see Fig. 3͒ . The experiment was performed by using 2.8 mJ pulses in the green object beam and 38.6 mJ pulses in the ir reference beam. The image OЉ formed by l 2 was detected on focus when the CCD was located at a distance xϭ29.5 cm from l 2 . Figure 5 shows this image as an intensity map with full width at half maximum ͑FWHM͒ diameter of ϳ110 m, in the vertical direction. By calculating the distance from the BBO crystal at which the holographic image OЈ is located (d O Ј in Fig. 3͒ , we find d O Ј ϭ1/(1/f 2 Ϫ1/x)ϪlХ14.5 cm, an experimental value that matches very well the value d O /2Х14.7 cm expected from Eq. ͑26͒ and Fig. 2, panel ͑2͒ . As to the shape of OЈ in the transverse (x,y) plane, to be compared with that of O, we first note that it is equal to that of OЉ in Fig. 5 , due to the 1:1 magnification of the imaging through lens l 2 . Moreover, O has a FWHM diameter of ϳ67 m, which is the focal spot of a 2 mm diameter beam at 532 nm through l 1 , and emits a wave front W 3 ͑see Fig. 3͒ fully covering the BBO cross section. For infinite cross section the holographic virtual image OЈ should also have FWHM diameter equal to ϳ67 m since the down-converted wave front W 1 has double curvature and double wavelength as compared to W 3 . Actually this is true only as long as the approximation of W 1 by a spherical wave front is acceptable.
As shown in Fig. 5 we find ϳ113 m in the vertical direction. In the horizontal direction we find a little more, maybe because of the narrower aperture due to the tilt of the crystal that is necessary for achieving PM I among noncollinear wave vectors.
In the experiment in case 3 the pointlike object O was formed by l 1 at a distance d O ϭ27 cm from the crystal BBO, which within the experimental accuracy (Ͻ5 mm) was equal to the distance d O Ј ͑BBO crystal to CCD camera; see Fig. 4͒ at which the holographic image OЈ was detected in focus, in agreement with the result in panel ͑3͒ of Fig. 2 . This experiment was performed by using 27.3 mJ pulses in the ir object beam and 1.8 mJ pulses in the green reference beam.
The detected real image OЈ is displayed in Fig. 6 as an intensity map. The FWHM diameter of the image is ϳ160 m in the vertical direction and ϳ200 m in the horizontal one. In this case, O being the focal spot of a 2 mm diameter beam at 1064 nm through l 1 , its FWHM diameter is ϳ135 m and the object wave front W 1 when it impinges on the crystal is almost as extended as was W 3 in the previous case. Again we find a DFG holographic spot image only slightly bigger than the object spot. The last experiment shows that the phase-conjugate version of any input wave front can be obtained, a result that remarkably strengthens the pioneering experimental work of Avizonis et al. ͓14͔ .
CONCLUSIONS
We considered the parametric interaction in a (2) propagating waves satisfying a type I phase-matching condition. We analytically solved the equations governing the interaction of fields at different frequencies for all initial conditions ͑three cases͒ of relevance to demonstrate that any sum or difference frequency interaction generates a field which is a holographic replica of the input field that plays the role of the object field. An analysis of the wave fronts performed through their eikonals allowed us to determine the position and shape of the image reconstructed by the generated wave front. The three cases, at degeneracy, were experimentally verified by adopting a pointlike source as the object. The distance of holographic image to crystal with respect to the distance of object to crystal scales exactly as expected from theory in each case. As to the transverse sizes of the holographic images, in the case of SHG holograms ͑case 1 in this paper͒ we already published a series of experiments demonstrating full agreement with the theory above ͓5-8,24,25͔. Here, in two cases of DFG ͑with the object field at 2 and reference at in case 2 and vice versa in case 3͒ we find agreement of the holographic spot sizes with the expected values. The agreement is better in the latter case, a result that also agrees with our theoretical treatment. In fact, case 3 is the only one in which the shape of the wave front reconstructed by the interaction is rigorously identical to that ͑spherical͒ of the object wave front ͓see Eq. ͑28͒ and panel ͑3͒ in Fig. 2͔ . The noticeable fact that this type of difference frequency generation in a phase-matched interaction occurring in noncollinear geometry provides exact phase-conjugated replicas of wave fronts with arbitrary shapes allows applications that go beyond those of real-time holography ͑e.g., see ͓25͔͒. Moreover, the technique described in this paper can be applied, as it is, to phase conjugation of ultrashort pulses because we demonstrated its operation in BBO, a material in which group-velocity matching is achieved from blue to ir wavelengths via suitable noncollinear interaction geometries and the group-velocity dispersion is so negligible as to allow efficient conversion of pulses with tens of femtoseconds duration ͓9,10,26,27͔.
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APPENDIX
According to Eq. ͑1͒ the total field inside the crystal is EϭE 1 ϩE 2 ϩE 3 ϭ͑E 1 ϩE 2 ͒xϩE 3y ŷϩE 3z ẑ ͑A1͒
and satisfies the wave equation
It is convenient to consider a system of coordinates (X,Y ,Z) intrinsic to the crystal, with Z along the optical axis and X parallel to x, because the calculation of the nonlinear polarization P NL becomes straightforward: 
where the matrix contains the nonlinear coupling coefficients ͓28͔. According to Fig. 1 Once the components of nonlinear polarization in the reference frame (X,Y ,Z) are obtained, the direct substitution of Eq. ͑A4͒ into Eq. ͑A3͒ gives the components in the laboratory frame (x,y,z): 
͑A5͒
We now consider the components of Eq. ͑A2͒ in the frame (x,y,z) and obtain the following system of equations:
